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1. Introduction

Univalent polynomials form a subtopic of univalent function theory, and they have

been closely associated with the development of the theory since its inception in the

early years of the twentieth century. Beginning with the Ph.D. dissertation of J.W.

Alexander II in 1915 [1], polynomials received attention as the standard questions of

the theory were formed: coefficient bounds, membership in subclasses of the schlicht

class, growth of the modulus of a function and its derivatives, covering properties

and subordination were all eventually discussed in the context of these “simplest” of

mappings. In [22] the authors attempted a summary of the developments stemming

from Alexander’s work and terminating roughly in the 1960’s. As the theory became

more refined in the second half of the century, polynomials were constructed which

clarified inclusion relations among the more delicately defined geometric classes of

these functions; [26] is an example of this use. In recent years they have appeared

as examples of operators of the convolution and composition type: [31] gives such a

polynomial as a counterexample in the context of convolutions of the collection of

convex mappings and [34] in the context of composition on “small” Hilbert spaces

of analytic functions. Also, starlikeness as a measure of smoothness of polynomial

solutions to certain integral-differential equations equations has been addressed [33].

Among the innovations in Alexander’s paper which had far-reaching consequences

was the idea that univalence of a mapping on the unit disc D can be guaranteed by

demanding that the image of ∂D, the boundary of D, under the mapping be non

self-intersecting. To this end he introduced subclasses of analytic functions which

sent ∂D to curves satisfying certain geometric conditions. Among these conditions

were starlikeness with respect to the origin, bounded turning (a restriction on the
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amount of turning of the image curve allowed), and a condition eventually known

as close-to-convexity (roughly, a lack of reverse hairpin turns.) Convexity was also

considered in an interesting way: the theorem that a complex mapping f on D

is convex if and only if zf ′(z) is starlike was presented in an intuitive way, to be

rigorously established later by others. The theorems of Alexander were directed to

membership in these classes. He worked primarily with polynomials as examples,

and his results included conditions on the coefficients of the polynomial, its zero set,

and on its critical point set.

Work on the role of the zeroes and critical points continued in the 1920’s as

mathematicians such as L. Féjer, J. Dieudonné and G. Szegö made contributions.

(See [21] and [22] for details of these.) In particular some of their efforts were

directed toward finding the smallest value R > 0 such that if the nontrivial zeroes

zk of p(z) = z + a2z
2 + · · · + anzn have |zk| > R for all k then p is univalent.

(Membership in subclasses was guaranteed by producing different values of R.) An

analogous value r for the critical points was also sought. Thus in the former case one

is attempting to find a distance from the origin beyond which the non-trivial zeroes

of a polynomial may lie in any configuration and a one-to-one mapping results. More

recently, this problem received attention in the works [4], [5], and [6], and in [54] one

finds constructed a class of extremal schlicht polynomials whose critical points lie on

∂D. A nice general treatment of the determination of the value r for many classes

simultaneously was found in 1985 [29] using Ruscheweyh’s convolution theory [49].

Typically the treatment of classes of univalent polynomials proceeds from neces-

sary and sufficient conditions on the Taylor coefficients; in [21] the authors summa-

rized much of the literature on this approach using the analytic tool of non-negative

trigonometric sums. This emphasis often neglects the rich geometry behind the map-

pings, and sends the exploration in the direction of complicated analyses of analytical

conditions which imply membership in subclasses. An example of this is Dieudonné’s

classical criteria [15] for univalence: a polynomial p(z) = z + a2z
2 + · · · + anzn is

univalent in D if and only if the related family F (z, t) = 1 + a2z sin(2t)/ sin(t) +

a3z
2 sin(3t)/ sin(t)+ · · ·+ anzn sin(nt)/ sin(t) has no root in D for any t, 0 < t < π.

The latter quantity is the difference quotient (p(zeit)−p(ze−it))/(zeit −ze−it). This

condition forms the basis for three different analyses of membership in the set of

univalent cubics [9], [14] and [32]; in [32] the treatment is purely algebraic, and

[9] draws on Cohn’s lemma, a result in the theory of zeroes of polynomials. Later
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treatments of schlicht trinomials have the same starting point, and entire collections

are determined, but the mappings themselves are not explored. On the other hand

restrictions on Taylor coefficients do allow many theorems to be proved for classes;

[51] is an example of this.

By contrast, the effect of the zeroes on the mapping properties of the polynomial

has been relatively unexplored, being limited in most cases to finding the values R

and r mentioned above for various classes. To give one example, as far as the authors

can tell there seems to be no treatment of spirallike polynomials in which a zero

configuration appears other than those where the zeroes have magnitude greater

than the R computed for the class; this is given in [7]. In the present paper we wish

to take a close look at the class of univalent polynomials from the point of view of the

zero set. We give new elementary necessary and sufficient conditions in terms of the

geometry of the zero sets for membership in special classes. We give a new derivation

of the value R for the spirallike class which shows the close connection between

univalence of polynomials and the location of the zero sets for related polynomials.

We give a new physical-geometric interpretation of membership in the starlike and

spirallike class which allows an intuitive approach to placing the zeroes to insure

that a polynomial belongs to these classes, and use this interpretation to construct

an interesting nontrivial member of the spirallike class. Our examples result in less

restrictions on the size and behavior of the Taylor coefficients than those appearing in

[21]. Using the zero sets we construct a one parameter family of starlike mappings

which allows for exploration of the entire set of starlike polynomial mappings of

fixed degree, and use the zero sets as an exploratory tool to produce the coefficient

body for the starlike polynomials of degree 4. (This type of experimentation was

the method by which the first author came to understand this set.) A new class

of univalent polynomials is introduced and its relation to existing classes explored.

The new class is defined in terms of the pre-image geometry of polynomials. Finally,

the zero sets of polynomials related to the de la Vallée Poussin means are briefly

discussed. All of the major subclasses of schlicht functions are reviewed by looking at

polynomial mappings belonging to them, and the literature from about 1950 to the

present on polynomials belonging to special geometric subclasses is thus surveyed.

Our examples tend to be more “extremal”, in senses to be defined later, than those

classes constructed using more restrictive conditions as for instance [57].
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In this paper the computer serves as an invaluable tool to implement the con-

struction of examples. The paucity in the existing literature of polynomials with

nontrivial zero configurations may be due in part to the difficulty in computing

the test conditions for membership for any other than the simplest of such con-

figurations. We use the computer to complement and augment this literature, to

suggest new theorems, and help understand these mappings from the geometric

point of view. Our new class D described in Section 9 was discovered as the result

of computer analysis of the streamlines of polynomials in the starlike class, and an

interesting generalization of starlikeness was thus made possible. We concentrate on

polynomials of low degree, and suggest that an understanding of these cases is itself

a difficult enough task, but one that is basic for an analysis of the higher degree

cases. That a cubic expression, for example, can be a formidable object of analysis

is not surprising; entire treatises exist on the twisted cubic and cubic hyperbola

[65]. An amusing expression of the difficulty of dealing with these matters even

with low degree polynomials is the comment in [32] that “For polynomials of higher

degree than three the discussion of the resultant [to determine the entire collection

of schlicht cubics] is not an easy task because not only the resultant is of high degree

but the explicit calculation of the functions of Sturm surpasses the possibilities of a

normal man.” The computer now allows some computations with ease, and enables

the construction of more interesting examples than presently exist. We shall in fact

use the computer to calculate Sturm functions in Section 9.

As a final remark we may note that the relationship between the zeroes of a

general polynomial and properties of its coefficients is a study of long-standing,

but that new results still appear: in [2] one finds such a result which connects the

location of the zeroes to the non-negativity of the coefficients. This paper suggests

the complexity behind attempts to connect the two properties of polynomials, a

complexity which we will see exemplified by the newly constructed polynomials.

In the following, let C denote the complex plane, D = {z : |z| < 1}, the unit

disc, and A = {f : f(z) = z + a2z
2 + a3z

3 + · · · , f analytic in D}. Finally, let

pn(z) = z + a2z
2 + · · · + anzn = z

∏n−1
k=1(1 − z/zk) ∈ A.

2. Starlike and Spirallike Functions

It is clear that the univalence of a polynomial pn ∈ A is dependent on the closeness

of the zk’s to the boundary of D; no zk can be in D but each should be somewhat far
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away from ∂D. How can this be made precise? We begin with a special case. Alexan-

der introduced the idea of a starlike function f ∈ A, by requiring that f map D

onto a “region every point of which may be joined to a point [0] by means of a linear

segment consisting only of points of the region . . . ” He noted that the argument of f

“. . . is a never decreasing function of θ = arg(z) as z describes the unit circle in the

positive sense”, and went on to assume (erroneously) that a starlike mapping must

be univalent. (The mapping f(z) = z2 is a counterexample.) One can, however,

prove (see, for example, [16, pp. 41-42]), that f ∈ A is starlike univalent if and only

if Re{zf ′(z)/f(z)} > 0 on D; the equations d
dt arg f(reit) = Im{ d

dt log f(reit)} =

Im{izf ′(z)/f(z)} = Re{zf ′(z)/f(z)} make the connection between Alexander’s idea

and the theorem. We shall denote the class of starlike univalent functions f ∈ A

as St. Alexander then went on to prove that if all the zeroes of pn lie outside a

circle of radius n then pn ∈ St. This result is perhaps the most basic of the kind

we are considering. His proof was flawed but intuitively on target; a staightfor-

ward alternative runs as follows [5]: pn(z) = z
∏n−1

k=1(1 − z/zk), thus if |zk| > 1 we

have Re [zp′n(z)/pn(z)] = Re
[
z d

dz (log(pn(z)))
]

= Re
[
1 +

∑n−1
k=1(z/(z − zk)

]
. Thus

if |zk| ≥ n we have Re{zp′n(z)/pn(z)} > 1 + (n − 1)
1

1 − n
= 0. Alexander showed

his result to be best possible by the example q(z) = z(1 − z/n)(n−1).

Many generalizations of St followed Alexander’s work. One such was a class of

functions introduced by Špaček in 1932 [53]. He proved that if f ∈ A, satisfies

Re{exp(−iα)zf ′(z)/f(z)} > 0 for all z in D and some fixed real α, |α| < π/2, then

f is univalent. It turns out that this condition is also related to the geometry of the

image of D under f : let α be as before, then a domain G containing the origin is

said to be α-spirallike if for each point z0 in G the α-spiral w = z0e
−{exp(αt)},−∞ <

t < ∞, connecting z0 to the origin lies entirely in G. A function f ∈ A is said

to be α-spirallike in D if it is univalent and maps onto an α-spiral domain. We

denote the class of such functions as SP (α); then SP (0) = St. One can then

prove: [16, pp. 52-54] let f ∈ A and f(z) 6= 0 for 0 < |z| < 1. Then for a fixed

α, |α| < π/2, f ∈ SP (α) if and only if Re{exp(−iα)zf ′(z)/f(z)} > 0 in D. We now

present a generalization of Alexander’s polynomial result for α-spiral polynomials.

This theorem can be obtained as a special case of [29], but our proof relies only on

material related to polynomials and their zero sets. Another approach is given in

[7].
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Theorem 1. Let p(z) = z
∏n−1

k=1(1 − z/zk). Then if for a fixed α, |α| < π/2, we

have |zk| > R =

[
(n − 1) +

√
(n − 1)2 + 4n cos2(α)
2 cos(α)

]
, then p(z) is α-spirallike. The

polynomial p(z) = z(1 − z/R)n−1 shows this result is best possible.

Proof: For convenience set λ = −α in the definition of α-spirallike, then following

[52], we note that Re
[
eiλzp′(z)/p(z)

]
> 0 in D iff eiλzp′(z)/p(z) 6= (x − 1)/(x + 1)

for all x ∈ ∂D\{−1}, and all z ∈ D. The latter condition can be rewritten as

(1 − x)(p(z)/z) + (1 + x)eiλ [z(p(z)/z)′ + p(z)/z] 6= 0 iff Fλ, x(z) = −z(p(z)/z)′ −[
1 +

(
1 − x

1 + x

)
e−iλ

]
p(z)
z

6= 0 in z ∈ D, x ∈ ∂D.

Thus, for each fixed λ, |λ| < π/2 and x ∈ ∂D, Fλ, x is a polynomial of degree

n − 1 whose zeroes we need to study. A result in [35, p. 69] states that any zero

Zk of Fλ, x may be written in the form Zk = wk, or Zk =
β1

β1 − (n − 1)
wk for

|wk| > R, β1 =
[
1 +

(
1 − x

1 + x

)
e−iλ

]
. A calculation shows R ≥ n (with equality if

λ = 0), so the former case yields no zero for Fλ, x inside D. In the latter case we

need to know | β1

β1 − (n − 1)
wk| > 1 if wk > R. Another calculation shows this is

equivalent to
∣∣∣∣
1 + iye−iλ

n + iye−iλ

∣∣∣∣ |wk| > 1 if |wk| > R, for all y ∈ R. This will occur if

we can show miny∈R

∣∣∣∣
1 + iye−iλ

n + iye−iλ

∣∣∣∣R = 1. Thus the first part of the theorem follows

from the calculus problem maxy∈R
n2 + 2ny sin(λ) + y2

1 + 2y sin(λ) + y2
= R. This is a routine but

complicated calculation whose details we omit.

For the second part of the theorem, if α = 0, Alexander showed that Q(z) = z(z−
R1)n−1 for 0 < R1 < n fails starlikeness. Assume α 6= 0, then choose n < R0 < R,

and let Q(z) = z(z − R0)n−1 . We must show that Re
[
e−iα zQ′(z)

Q(z)

]
> 0 fails for

some z ∈ D. Now zQ′(z)/Q(z) =
R0 − nz

R0 − z
= M(z), a Moebius transform, which

maps D onto D = {z :
∣∣z − (R0

2 − n)/(R0
2 − 1)

∣∣ < R(n − 1)/(R2 − 1)}. Note

that Re(D) > 0, since Q(1) = (R0 − n)/(R0 − 1) > 0. Thus we will be done if

we can show that a rotation of D about the origin by α fails to keep Re(D) >

0. Without loss of generality let |α| > 0, then the rotation sends the center of

D to
[
((R0

2 − n)/(R0
2 − 1)) cos(λ), ((R0

2 − n)/(R0
2 − 1)) sin(λ)

]
= (x0, y0), and

x0−radius D = R0
2 cos(λ) + R0(−n + 1) − n cos(λ). Since R0 < R it follows easily
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that x0−radius D < 0, and we are done. If p(z) = z(z −R)n−1, then the rotated D

meets the imaginary axis tangentially. �
Comments:

1: It follows from the expression for R that if p(z) has |zk| > R for all k then

p ∈ SP (α) ∩ SP (−α); in particular, | arg[zp′(z)/p(z)]| < π/2 − |α|, hence

p ∈ St. One could also see this without knowing the actual expression for R

by noting that if R > 0 were such that any p(z) with |zk| > R has p ∈ SP (α),

then for a given p with |zk| > R, let p∗(z) = z
∏n−1

k=1(1 − z/zk). Then

Re
[
e−iα z(p∗)′(z)

p∗(z)

]
> 0 for z ∈ D implies Re

[
e−iα

z(p∗)′(z)
p∗(z)

]
> 0, z ∈ D,

thus Re
[
eiα zp′(z)

p(z)

]
> 0 for z ∈ D, hence p ∈ SP (−α). Functions f ∈ A

satisfying | arg[zf ′(z)/f(z)]| < βπ/2 for some β, 0 < β < 1, are called

“strongly starlike of order β”; see [23, p. 137] In Section 5 we will construct

a p ∈ SP (−π/8) not strongly starlike.

2: This is a typical theorem of the genre mentioned in the introduction: to

guarantee that a polynomial in A has a nice property implying univalence,

push all the nonzero zeroes or critical points outside some circle of radius R.

A “best possible” example will have all the nonzero zeroes concentrated at

z = R.

3: The result in [35] on which our theorem depends is a corollary of Walsh’s Co-

incidence Theorem [63] which is equivalent to Grace’s Theorem ([35, p. 61]).

These theorems are in the group of ideas including apolarity of polynomials,

derivative of a polynomial with respect to a point, and the Grace-Heawood

theorem, all results about polynomials and their zero sets developed in the

decades around the turn of the twentieth century. These results had been

used by Szegö, Dieudonné and Basgöze (see [15], [58], [60], [6]) to approach

problems of finding R and r. See [22], [38], [35] for details. Our result is

thus in the same family as these.
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3. Univalence: Necessary Conditions

Does the univalence of a polynomial necessarily imply anything about the location

of the zero set? We begin by noting that even local univalence implies a strong

average modulus condition:

Theorem 2. Let pn(z) = z + a2z
2 + · · · + anzn = z

∏n−1
k=1(1 − z/zk). If p′(z) 6=

0, z ∈ D, then (
∏n−1

k=1 |zk|)
1

n−1 ≥ n
1

n−1 .

Proof: We have p′(z) = 1+2a2z + · · ·+nanzn−1 6= 0, thus 1/(nan)+ · · ·+zn−1 6= 0

for z ∈ D, hence |1/nan| ≥ 1. From this it follows that |1/nan| =
∣∣∣
∏n−1

k=1 zk

∣∣∣ /n ≥ 1,

from which the inequality follows immediately.

Corollary 1. If pn(z) = z + a2z
2 + · · · + anzn = z

∏n−1
k=1(1 − z/zk) has p′(z) 6=

0, z ∈ D, then |zk| ≥ n1/(n−1) for at least one zero zk of pn.

Alexander considered a special collection of univalent polynomials whose critical

points lay on ∂D; and this topic was revisited by Brannan [10] for starlike polyno-

mials and Suffridge [55] for close-to-convex polynomials. Thus a natural restriction

to place on the set {zk} is that |zk| = ρ for all k. With this we have:

Corollary 2. If pn(z) = z
∏n−1

k=1(1 − z/zk) has p′(z) 6= 0, in D and |zk| = ρ for all

k, then |zk| ≥ n1/(n−1) for all k.

It is a remarkable fact that this bound is attained for a collection of globally

univalent polynomials, namely pn(z) = z−zn/n, whose zeroes are evenly distributed

on the circle of radius ρ = n1/(n−1).

Corollary 3. If pn(z) = z
∏n−1

k=1(1 − z/zk) ∈ St, and if |zk| = ρ for all k, then

ρ ≥ n1/(n−1). This result is best possible. If qn(z) = z + a2z
2 + · · · + anzn is convex

univalent, with all its critical points on the circle of radius ρ, then ρ ≥ n1/(n−1), and

this result is best possible.

The last remark follows from the connection between starlike and convex functions

mentioned in the introduction. A statement about the zero set of a convex univalent

polynomial can be made if we recall Lucas’ theorem on the relation between the zero

set and the critical point set of a polynomial: the set of critical points is contained

in the closed convex hull of the zero set [35, p. 22]. Thus
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Corollary 4. If pn(z) = z
∏n−1

k=1(1−z/zk) is convex univalent, the closed convex hull

of the zero set contains the set of critical points, {wk}n−1
k=1, where

(∏n−1
k=1 |wk|

)1/(n−1)
≥

n1/(n−1).

A natural question to ask at this point is whether starlikeness of pn actually

pushes all |zk| ≥ n1/(n−1). This is the case for n = 2, 3, but it is an indication of

the complexity of our problem that this fails for n = 4.

Theorem 3. If pn(z) = z + a2z
2 + · · · + anzn = z

∏n−1
k=1(1 − z/zk) ∈ St, all the

zeroes of pn lie outside or on the circle of radius n1/(n−1) if n = 2 or n = 3. This is

not true for n = 4.

Proof: Without loss of generality let p2(z) = z − a2z
2 ∈ St where a2 > 0. Now

if z1 = +1/a2 < 2 = 21/(2−1), then p′(z) = 1 − 2a2z = 0 when z = +1/2a2 < 1,

giving non-univalence. (It is easy to see p2 ∈ St if and only if a2 ≤ 1/2.) Now

let p3 ∈ St, p3(z) = z(1 − z/r1)(1 − z/r2e
it2) where without loss of generality

r1, r2 > 0, and 0 ≤ t2 < 2π. Thus by the argument of Theorem 2, r1r2 ≥ 3.

Suppose, 1 < r1 <
√

3 and r2 ≥
√

3, then for any eiθ ∈ ∂D, we have

eiθp′3(e
iθ)

p3(eiθ)
= 1 +

1
1 − r1e−iθ

+
1

1 − r2ei(t2−θ)
.

Now for r > 1 we have Re
[

1
1 − reiν

]
≤ 1

1 + r
, 0 ≤ ν < 2π, and

1
1 − r1

<
1

1 −
√

3
,

thus Re
[
(1)p′3(1)
p3(1)

]
< 1 +

1
1 −

√
3

+
1

1 +
√

3
= 0, 0 ≤ t2 < 2π. [Note that r1 6= 1

otherwise p3 fails univalence, hence zp′3(z)/p3(z) is continuous on D.] But then

continuity implies Re
[
zp′3(z)/p3(z)

]
< 0 for some z ∈ D, and we are finished.

We postpone the discussion of n = 4 until Section 5.

4. Distribution of the Zero Set; Angular Spread

In addition to conditions relating univalence of p(z) = z
∏n−1

k=1(1 − z/zk) to

{|zk|}n−1
k=1 , we may ask about the role of {arg(zk)}n−1

k=1 . Here again Alexander was

a pioneer, though dealing with critical points rather than the zero set. He proved

that if all the critical points of a polynomial pn lie on ∂D and are separated by

an angle θ ≥ 2π/(n + 1), then pn is univalent. Suffridge [55] characterized such an

angle spread as equivalent to the close-to-convexity of pn. At roughly the same time

Brannan [10] proved the only starlike pn with real coefficients and critical points on

∂D are pn(z) = z ± zn/n, having equal angles between points.
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It is natural, then, to consider the role of arg(zk) with |zk| = ρ, for some ρ,

k = 1 . . . n. We will display a t : [n1/(n−1), n] → R+, t(ρ) ↓ 0, with t(n1/(n−1)) =

2π/(n−1), t(n) = 0, such that if {zk} is the zero set of pn with zk lying in succession

on |z| = ρ with | arg(zk)− arg(zk−1)| ≥ t(ρ), k = 1, 2, . . . n− 1, then pn ∈ St. Thus

it is possible to interpolate smoothly between the two extremals previously obtained,

pn1(z) = z−zn/n and pn2 = z(1−z/n)n−1, by varying angular spread. The function

t(ρ) will be given in the cases n = 3, 4, and demonstrates the complexity of the

relation even for polynomials of low degree.

Theorem 4. Let p3(z) = z
∏2

k=1(1 − z/zk) have |zk| = ρ. Then if | arg(z1) −
arg(z2)| ≥ t(ρ) where

t(ρ) =





2 arccos

[√
8(ρ2 − 3)
9ρ2 − 25

]
,

√
3 ≤ ρ ≤

√
5

2 arccos
[
ρ2 + 3

4ρ

]
,

√
5 < ρ ≤ 3.

then p3 ∈ St.

If p4(z) = z
∏3

k=1(1−z/zk) has |zk| = ρ, 3
√

4 < ρ ≤ 4, and | arg(zk)−arg(zk−1)| ≥

t(ρ) = arccos
[
ρ3 − 2ρ2 + 3ρ − 4

2ρ(2ρ − 3)

]
, k = 1, 2, 3, then p4 ∈ St.

Proof: Without loss of generality suppose p3(z) has z1 = ρeit, z2 = ρe−it,
√

3 <

ρ < 3. Then p3(z) = z−(2z2/ρ) cos(t)+z3/ρ2, hence
zp′3(z)
p3(z)

=
3z2 − (4 cos(t)ρ)z + ρ2

z2 − (2 cos(t)ρ)z + ρ2
.

Let z = eiθ, and note Re
{

zp′3(z)
p3(z)

}
is harmonic in D, so we need only find the t

which makes it non-negative on ∂D. One finds min
θ

Re
[
eiθp′3(e

iθ)
p3(eiθ)

]
= min

θ
of

(1)
[3 + 4ρ2 cos(2t) + ρ4] − [2(5 + 3ρ2)ρ cos(t)] cos(θ) + 8ρ2 cos2(θ)
[1 + 2ρ2 cos(2t) + ρ4] − [4(1 + ρ2)ρ cos(t)] cos(θ) + 4ρ2 cos2(θ)

on 0 ≤ θ ≤ 2π as a function of ρ, t. The desired value of θ is either at an endpoint

of [0, 2π] or at a critical point of (1) and must also be a zero of (1). One finds that

(1) has a global minimum at θ = 0 when 0 ≤ ρ ≤
√

5 and a global minimum when

cos(θ(ρ, t)) =

(2)
(ρ2 + 1) −

√
(1 + ρ2)2 − (1 + 6ρ2 + ρ4) cos2(t) + 4ρ2 cos4(t)

2ρ cos(t)
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Fig. 1. Zero points of p3

when
√

5 ≤ ρ ≤ 3. These global minima are zero when t is one half the value in

the statement of the theorem. If t, 0 ≤ t ≤ 2π/3, exceeds these values, then (1) is

strictly positive for θ ∈ [0, 2π], and thus p3 ∈ St. The proof for p4 is similar, and

will be omitted. �
A simple example in this family is obtained by taking z1 = 2, z2 = 1+ i

√
3, z3 =

1 − i
√

3 to obtain p4(z) = z − z2 + 1
2z3 − 1

8z4 ∈ St.

Results similar to these can be obtained for higher degree pn. It is interesting

to note that the analysis of the higher degree cases follows the odd, even degree

dichotomy of split definition and simple definition seen in the t(ρ) of the cases n = 3

and n = 4. We shall discuss this topic at greater length Sections 7 and 8.

It is possible to visualize the interplay between |zk| and arg(zk) in a way which

connects with previous work on p3. In Figure 1 is displayed a closed curve consisting

of the collection of all conjugate pairs of zeroes for p3 ∈ St,
√

3 < ρ < 3 and

t as in Theorem 4, superimposed on the analogous set for the univalent p3(z) =

z + a2z
2 + a3z

3, a2, a3 ∈ R. The latter is obtained by examining appropriate

portions of the boundary of the coefficient body (a2, a3) ∈ R2 and finding the

zeroes of p3 located there. The curved sections of the univalent set are circles. The

points A and A′ denote the location of the zero set for p3(z) = z+(4/5)z2 +(1/5)z3.

For p3 ∈ St, as the conjugate pairs follow the relationship of Figure 1 the coeffi-

cient pairs (a2, a3) ∈ R2 traverse a portion of the boundary of the entire coefficient

body for p3 ∈ St given in [11] and illustrated in Figure 2, namely the non-linear
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Fig. 2. Coefficient body in (a2, a3).

“cap” and adjoining linear segments from (±2
3 , 1

9) to (±4
5 , 1

5). Thus a useful de-

scription of this portion of the body can be provided: it is the set of (a2, a3) ∈ R2

for which the zeroes of the corresponding p3(z) have a simultaneous minimal modu-

lus and argument spread, where 0 ≤ | arg(z1) − arg(z2)| ≤ 4π/3. It is interesting to

note that the extreme points on the boundary are among these points so described.

Given the complicated nature of the expressions obtained above, one may reason-

ably ask: Is there any way in which the conditions of starlikeness and spirallikeness

of pn can be interpreted which yields insight into these results and further guidance

on the placement of zeroes?

5. Physical Interpretation of Spirallike and Starlike Polynomials

Again let pn(z) = z
n−1∏

k=1

(1−z/zk), then z
p′n(z)
pn(z)

= 1+
n∑

k=1

z

z − zk
. Let z = reiθ, and

|α| < π/2. Then the condition pn ∈ SP (α) holds if and only if

Re

[
e−iα

(
r

r
+

n−1∑

k=1

reiθ

reiθ − zk

)]
> 0 for all reiθ ∈ D. But this holds if and only

if Re


eiα


r

r
+

n−1∑

k=1

reiθ

reiθ − zk




 > 0 for all reiθ ∈ D, which in turn occurs if

and only if −π/2 < arg

[
eiα

(
1
r

+
n−1∑

k=1

1

reiθ − zk

e−iθ

)]
< π/2. Thus we have: If

pn(z) = z
∏n−1

k=1(1 − z/zk), then pn(z) ∈ SP (α) if and only if (θ − α) − π/2 <

arg

[
1

reiθ − 0
+

n−1∑

k=1

1

reıθ − zk

]
< (θ − α) + π/2 for |z| < 1.
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If we have |zk| > 1 given, then by harmonicity of Re
[
e−iα zp′n(z)

pn(z)

]
on D, the

|z| < 1 condition is replaced by |z| = 1. The quantity
1

reiθ − 0
+

n−1∑

k=1

1

reiθ − zk

has a

physical interpretation credited to Gauss: the vector
1

reiθ − zk

represents the force at

reiθ due to a particle of unit mass at zk which repels with a force whose magnitude

is equal to its mass divided by the distance. Thus if unit masses are placed at

each |zk| > 1 and at zero itself with a repulsive force as above, then, for example,

starlikeness of pn is equivalent to the condition that the sum of the repulsive forces

directed at any point eiθ ∈ ∂D points in a direction outward from the boundary.

Spirallikeness tilts this outward orientation at eiθ by an angle α, |α| < π/2. We

may add that this interpretaion is valid for R(z) = z + a2z
2 + · · · rational in D,

where the forces may be regarded as repulsive or attractive depending on whether

they are zeroes or poles of R; further generalization of function type into integral

transforms of real measures is possible.

The physical interpretation of the bracketed quantity had been used by Gauss

to prove that the roots of p′n other than those of pn itself are points of equilibrium

of the force field set up by {zk}n−1
k=1 ∪ {0}. This gives a quick proof, due to Lucas

in 1874, of the theorem that the roots of p′n lie within or on the perimeter of the

smallest convex polygon which includes within itself or on its boundary all the roots

of pn itself. (We used this result in Theorem 2, Corollary 4.) Walsh also used

the interpretation to establish other theorems locating the critical points of pn in

terms of the zero set, most importantly proving Jensen’s theorem in 1920 [62], and

he devoted an entire book to theorems of this sort [64]. The use of the physical

interpretation for polynomials in St and SP (α) appears to be new.

This condition can be explored more fully as follows: The field
−→
F (z) = 1/z +

∑n−1
k=1 1/(z − zk) is sourceless (aside from the obvious poles at zk) and irrotational,

according to Pólya’s interpretation of the Cauchy-Riemann equations for the rational

function 1/z +
∑n−1

k=1 1/(z − zk) (see [39], [8]), and grad(1
2 ln |pn(z)|2) =

−→
F (z). Thus

the streamlines of
−→
F , the lines following the direction of

−→
F in the domain of pn,

get mapped by pn to the lines of constant argument. Then pn ∈ St if and only if

D is contained in the set of streamlines emanating from the origin, exiting ∂D (to

provide the exit angle for
−→
F in the outward direction), and not returning to D (this

disallows an
−→
F (eiθ) pointing inward to ∂D). If pn ∈ SP (α), then the streamlines
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exit D at eiθ with an angle between −α − π/2 and −α + π/2 off the normal, and

a streamline may exit and re-enter. (We will give an example of this later in this

section.)

In addition, for any f ∈ St a streamline emanating from the origin does so with

increasing magnitude, as the following shows:

Theorem 5. For any f ∈ St, θ ∈ R fixed, we have |f−1(reiθ)| is an increasing

function of r.

Proof: Let f : D → D be univalent starlike, and fix 0 ≤ θ < 2π and let

R = the ray from the origin in D with angle θ from the axis of positive re-

als. Then if L = f−1(R) emanates from the origin we have
∂

∂r
log |f−1(reiθ)| =

∂

∂r
Re
[
log f−1(reiθ)

]
= Re

[
∂

∂r
log(f−1(reiθ))

]
= Re

[
d

dw
log f−1(reiθ)

∂w

∂r

]
(where

w = reiθ) = Re
[

1
f−1(reiθ)

(
d

dw
f−1(reiθ)

)
eiθ

]
= Re

[
1

f−1(reiθ)
1

f ′(z)
eiθ

]
(where

w = f(z)) = Re
[
1
z

(f(z)/|f(z)|)
f ′(z)

]
> 0. Thus log |f−1(reiθ)| is an increasing function

of r, for fixed θ, and the result follows upon exponentiation. �
This result of course is immediate for pn ∈ St since the streamlines move in the

direction of increasing |pn|.
We may also note for completeness that a version of the “exiting vectorfield”

condition holds for arbitary f ∈ St. Assume for simplicity that f ∈ A is star-

like univalent in a neighborhood of D, then Re
[
zf ′(z)
f(z)

]
> 0 on ∂D is equiva-

lent to −π/2 < arg{zf ′(z)/f(z)} < π/2, which in turn is equivalent to −π/2 <

arg{zf ′(z)} − arg{f(z)} < π/2 for z ∈ ∂D. Thus the angle between the outward

normal to f(∂D) at z and the ray R from the origin through f(z) is between −π/2

and π/2. But by conformality of f at z this means that the angle between the out-

ward normal at z and the arc f−1(R) from 0 to z also lies between −π/2 and π/2.

In dealing with polynomials one can control the field and streamlines by adjusting

the zeroes.

We can now review the earlier sections with this intrepretative tool. Alexander’s

theorem in Section 1 follows immediately, since locating sources outside {z : |z| =

n} assures the net force contributed inward to D at a point eiθ ∈ ∂D does not

exceed 1, the force emanating from the origin; thus
−→
F always points outward on

∂D. In Section 2 the radius of the circle outside of which zeroes lie to guarantee

strong starlikeness increases with increasing n, this is reflected in the fact that



ZERO SETS OF POLYNOMIALS UNIVALENT IN THE UNIT DISC 15

a higher degree polynomial has more point sources, which must be located at a

further distance from the origin to control the exit angle of
−→
F . In Figure 1 we see

the interplay between distance and angle spread of the point sources; the sources can

be made closer together if the distance from the origin is greater, to allow weakening

of the combined forces.

Examples of pn ∈ St or pn ∈ SP (α) can be easily generated using this idea; the

simplest being p2(z) = z − 1
2z2 ∈ St, formed by locating point sources at the origin

and z1 = 2. One notes that if pn ∈ St has a zero at z1 = 2eiθ1 , then at least one other

zero must lie in the closed half plane bounded by the line tangent to ∂D through

eiθ1 containing D, otherwise
−→
F (eiθ1) points inward. We may keep zeroes at z0 = 0

and z1 = 2 and add a conjugate pair z2, z3 = 1 ± ai for a carefully chosen value

of a. This configuration yields a critical point at z = 1. The value a =
√

5
2 gives

p4(z) = z − 15
14z2 + 4

7z3 − 1
7z4 ∈ St; one can verify that Re

[
eiθp′4(e

iθ)
p4(eiθ)

p4(eiθ)
p4(eiθ)

]
=

(1 − cos(θ))(280 cos2(θ) − 348 cos(θ) + 113)
98|p4(eiθ)|2

≥ 0, 0 ≤ θ < 2π. Note this polynomial

has |a2| > 1.

Another technique is to construct p3(z) = z + a2z
2 + a3z

3 with zeroes a± bi such

that the center of gravity, α, of a ± bi with respect to z0 = 1 (the point α at which

the force at z0 = 1 due to the two original particles a ± bi is equal to the force at

z due to the double particle at α) is located at α = 3 to create a critical point at

z0 = 1. Solving the equation
1

z0 − (a + bi)
+

1
z0 − (a − bi)

=
2

z0 − α
with z0 = 1

gives a+
b2

a − 1
= 3, which is equivalent to (a−2)2 +b2 = 1. Choosing a±bi = 2± i,

a pair half way between z0 = 1 and α = 3 gives p3(z) = z − 4
5z2 + 1

5z3. One can

verify again that Re
[
eiθp′3(e

iθ)
p3(eiθ)

p3(eiθ)
p3(eiθ)

]
=

8(1 − cos(θ))2

5|p3(eiθ)|2
≥ 0, 0 ≤ θ < 2π.

The “convex version” of p3, namely q3(z) =
∫ z

0

p3(w)
w

dw, is a member of the

well-known extremal collection of convex polynomials due to Pólya and Schoenberg

[37], which we will detail in the next section.

We may now return to the case of n = 4 of Theorem 4. If we wish to attempt

to move a zero of p4(z) = z + a2z
2 + a3z

3 + a4z
4 closer to the origin than 3

√
4, we

may start with p4(z) = z − z4/4 and move z1 = 3
√

4 in slightly, then compensate

by drawing z2, z3 = 3
√

4e±2πi/3 closer together in argument while increasing their

magnitudes. One hopes that this still preserves starlikeness at z0 = 1 and the
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other conjugate locations near e±2πi/3. Although it would be quite misleading to

suggest that this alone is sufficient guidance to produce an example, one can show

after some calculus based exploration that q(z) = z
∏3

k=1(1 − z/zk) with z1 = ρ =

1.585 < 3
√

4, z2 = reiθ, z3 = re−iθ for θ = 2.419, r = 1.651 has g ∈ St. As one

might expect, there is an extreme degree of sensitivity in the choice of r, ρ and θ.

To round out this section we construct an interesting cubic: place zeroes at z0 = 0

and z1 = 1.8: these two particles form a field containing an equilibrium point at
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z = 0.9 (see Figure 3(a)). We then introduce z3 = 1.825(−1 + i) with the intention

of lifting the critical point outside ∂D and pushing the flow lines emanating from the

origin into exit streams on ∂D; see Figure 3(b). This happens “nearly” everywhere:

the asymmetry of {z1, z2, z3} allows streams from the origin to exit, enter, and

re-exit (see Figure 4), where, for example, the streamline through (.99999, -0.04)

can be computationally verified by Maple 6 to behave as described. The image of

this streamline is a line through the origin cutting f(∂D) in three places near the

concavity shown in Figure 5.

The resulting p3(z) = z(z − 1.8)(z − (1.825(−1 + i))) has several interesting

features:

1: One can verify, using Maple 6, that min
0≤θ≤2π

Re
{

e−πi/8eiθp′3(e
iθ)p3(eiθ)

}
=

0.002855 . . .

> 0, thus p3 ∈ SP (π/8). Figure 5(a), 5(b) shows a graph of p3(∂D) and a

typical π/8-spiral.

2: Similarly, Re
{
e0p′3(e

0)p3(e0)
}

= −0.00180 · · · < 0, thus p3 /∈ St.

3: We have |z1|, |z2| < R =

[
(n − 1) +

√
(n − 1)2 + 4n cos2(α)
2 cos(α)

]
=

2 +
√

16 + 6
√

2√
2 +

√
2

≈ 3.7603 . . . from Theorem 1.
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1.825(−1+i) )

4: The normalized version of p3(z), p∗3(z) = z(1 − z

1.8
)(1 − z

1.825(−1 + i)
) =

z + a2z
2 + a3z

3 has a2, a3 /∈ R, our only such cubic.

6. An Extremal Family of Starlike Polynomials

We noted in the introduction that many of the classical sufficient conditions for

starlikeness of a function analytic on D, such as those featured in [21], put rather

severe restrictions on the size of the Taylor coefficients of the function. To take two

simple examples, either of the conditions
∑∞

k=2 k|ak| < 1 or the double monotonic-

ity of the sequence {kak}, k = 2, 3, . . . if ak > 0 for all k is sufficient to assure

starlikeness. The first condition is due to Alexander and the second due to Fejér,

see [21] and [22] for these. But it is clear from our examples that these conditions

are far from necessary, as for instance p4(z) = z − z2 +(1/2)z3 − (1/8)z4 shows. On

the other hand we can use the examples in Section 4 to produce interesting families

of starlike mappings of degree n which allow for growth of these coefficients.

Definition 1. Let n ≥ 3 be an integer, and let n
1

n−1 ≤ r ≤ n. Then Fn(r, z) =

z
∏n−1

k=1(1 − z/reitk ) where the tk are chosen in such a way that:

(1) |tk − tk−1| = |tk+1 − tk|, k = 2 . . . n − 2 and the reitk are symmetric with

respect to the positive real axis, and
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(2) for the given r, |tk − tk−1| is minimal but guarantees that Fn ∈ St.

Example: Using the result of Theorem 4 we may produce F4(r, z) =

z − r3 − 4
r2(2r − 3)

z2 +
r3 − 4

r3(2r − 3)
z3 − 1

r3
z4, 4(1/3) ≤ r ≤ 4

For each r in the domain specified, F4(r, z) is a starlike univalent polynomial of

degree four. We have that F4(4(1/3), z) = z − z4

4
, a polynomial attaining the maxi-

mum |a4| value possible for a univalent polynomial of degree 4 and one of only two

such starlike quartics with real coefficients (the other being z +
z4

4
) to display this

behavior [10, Theorem 2.3]. Also, F4(4, z) has a triple zero at z0 = 4. This is the

case n = 4 of the polynomial introduced by Alexander as extremal for the radius

of starlikeness problem he discussed [1, Section 4]. We note that the coefficients

(a2, a3, a4) of a member of F4(r, z) lie on the plane 1 + 2a2 + 3a3 + 4a4 = 0, since

all members have a critical point at +1.

The family F4(r, z) may be compared with other known families of starlike poly-

nomials, for example, those which can be constructed using the convex polynomials

in [28] and [19],[20]. These papers are concerned with subordination problems in-

volving the collection of convex polynomials Vn(z) =
( 2n
n+1

)
z +

( 2n
n+2

)
z2 + · · · + zn,

the de la Vallée Poussin means of the convex extremal E(z) = z/(1− z) introduced

in [37]. The Vn are weighted partial sums of E, and one has Vn(z)/
(

2n
n+1

)
→ E(z)

uniformly on compact subsets of D. These polynomials have certain extremal map-

ping properties, as one might expect from approximants of E. Moving via the

Alexander transform f(z) → zf ′(z) to the starlike class and normalizing produces

Wn(z) =
( 2n
n+1

)(−1)
z[
( 2n
n+1

)
+2
( 2n
n+2

)
z+3

( 2n
n+3

)
z2 + · · ·+nzn−1], a sequence of starlike

polynomials with Wn → z/(1 − z)2 uniformly on compact subsets of D. One then

anticipates that the Wn are in some sense extremal among the starlike polynomials

of degree n as well.

The papers [19],[20],[28] discuss polynomials with convolution and subordination

properties similar to those of Vn, and in the process Kasi [28]produces a family

k(c, z) = z− [2(3+70c)/(5(3+14c))]z2 +[(1+90c)/(5(3+14c))]z3 − [4c/(3+14c)]z4 ,

for 0 ≤ c ≤ 1/70 of convex univalent polynomials under “2-Sufficient Conditions”.

(In that paper the a2 value is given incorrectly as (2(3+140c)/(5(3+14c)), an error

repeated several times, and the hypothesis 0 ≤ d ≤ 1/56 is omitted from Theorem 1

of the section.) This class is the quartic analogue of the trinomial class considered

in [19].



20 ALAN GLUCHOFF AND FREDERICK HARTMANN

0

0.2

0.4

0.6

0.8

1

a2

0

0.1

0.2

0.3

0.4

0.5

a3

0

0.05

0.1

0.15

0.2

0.25

a4

Fig. 6.

If we set K(c, z) equal to the normalized Alexander transforms of k(c, z) we

obtain a family of starlike polynomials of degree 4 which pass smoothly between

W2 and W3 with the parameter c. It is immediate that the curve K(c, z) is a

straight line segment lying on the same plane as F4(r, z). In Figure 6 we plot

the triples (a2, a3, a4) for both F4(r, z) and K(c, z) and note that the a3 and a4

values for F4(r, z) are in general larger than those for K(c, z), and one easily verifies

that max{|a2| : p4(z) = z + a2z
2 + a3z

3 + a + a4z
4 ∈ F} = max{|a2| : p4(z) =

z + a2z
2 + a3z

3 + a + a4z
4 ∈ K} = 1. Our earlier example F4(2, z) = p4(z) above

displays coefficients each of which exceed or equal those of W4(z). It seems that the

F4(r, z) collection traces out an extreme portion of the entire collection of starlike

polynomials of degree 4. This is reasonable considering the behavior of F3(r, z),

which as noted in Section 4 traced out a portion of the boundary of the coefficient

body for starlikeness of degree 3. Is there an exact way in which the extremality of

this collection, and of K(c, z) above, can be described?
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7. Coefficient Bodies

One method of achieving this description is to turn to the study of the coefficient

bodies for the starlike class of polynomials of degree n and attempt, at least in the

case n = 4, to visualize the body and locate the collections F and K. In general,

if one has a class of univalent polynomials of degree n with real coefficients, one

defines Cn = {(a2, a3, . . . , an) ∈ Rn : pn(z) = z + a2z
2 + · · · + anzn ∈ class }. It is

helpful to make some general remarks about such Cn before turning the the problem

of describing C4 for St.

In general there exist two approaches to determining Cn. The first deals with

finding the manifolds in Rn which comprise the boundary of the body. This approach

is taken in, for example, [9], [14], [30], and in [40] one finds a general theorem on

the dimensions of these manifolds for Cn in the entire schlicht class. The second

approach, applicable only when the body is convex, is to find the extreme points

of Cn and state that Cn is the closed convex hull of the extreme points. This

is the approach used, for example, in [12], [56] and [47]. Extreme points of Cn

are of interest due to their role in the solution of linear extremal problems, such

as maximizing coefficient size. It should also be noted that “extremality” in Cn is

loosely defined: it can refer to geometric extreme points or the topological boundary

points of Cn, or perhaps to another favored position on the boundary. In some cases

descriptions of mapping properties of polynomials corresponding to coefficient points

on the topological boundary of the body are available; [30] does this, for example,

with Cn for close-to-convex polynomials.

We illustrate these ideas first for a class similar to St. Define the set of bounded

turning functions as BT = {f ∈ A : <[f ′(z)] > 0, z ∈ D}. This notion was

introduced by Alexander in [1]. The definition essentially limits to π/2 radians the

amount of twisting that a patch of the domain undergoes upon being mapped by f .

We have the following:

Theorem 6. Let BTn = {(a2, a3, . . . , an) ∈ Rn−1 : pn = z+a2z
2+· · ·+anzn ∈ BT}.

Then BTn is a convex collection. The boundary of BT3 is the portion of the ellipse

a2
2/(

√
2/2)2 + (a3 − 1/6)2/(1/6)2 = 1 above the points (−2/3, 1/9) and (2/3, 1/9)

together with the lines 9a3 ± 6a2 + 3 = 0, which meet the ellipse tangentially at the

previously mention points, and extend to the common point (0, −1/3), the lower

extremity of the body. BT3 is a subset of the set of starlike polynomials of degree 3.
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Fig. 7. W3(z) = z + 4
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The set of extreme points of BT4 is given by

(± 4a2 − 8a + 3
4(2a2 − 2a + 1)

,
1 − 2a

3(2a2 − 2a + 1)
,

±1
8(2a2 − 2a + 1)

), −1 ≤ a ≤ 1.

BT4 is not a subset of the set of starlike polynomials of degree 4.

Proof: The first assertion is obvious from the definition of BT . The set of extreme

points of BT4 follows from basic considerations of the trigonometric inequality 1 +

2a2 cos(t) + 3a3 cos(2t) ≥ 0 using the substitution x = cos(t) and considering cases.

The next set inclusion follows from elementary calculations involving Figure 2 and

the description of BT4. The extreme points of BT3 follow by applying the techniques

of [56] with the results in [12]. The details will be omitted. Taking a = 0 in the

above set of extreme points gives p(z) = z + (3/4)z2 + (1/3)z3 + (1/8)z4 which

can readily be shown to fail starlikeness using Maple VI and the appropriate test

function. �

We note that the two curves of extreme points given in Theorem 6 for BT4

are planar curves which lie in the planes determined by equations p′n(±1) = 0;

extremality for pn on these planes is thus related simply to the presence of a critical

point for pn at either 1 or −1. An example of a simple starlike polynomial failing

membership in BT3 is W3 shown in Figure 7. One can note the nature of the

twisting of a domain patch on these images. Also to be observed is the tendency

for properties which hold for C3 bodies to fail to hold for C4 (e.g. the set inclusion



ZERO SETS OF POLYNOMIALS UNIVALENT IN THE UNIT DISC 23

in Theorem 6); in this sense things only get “interesting” beginning in C4. We

finally mention that in [13] one finds sufficient conditions on the zeroes of pn which

guarantee that pn ∈ BTn for general n.

Now let Stn = {(a2, a3, . . . , an) ∈ Rn−1 : pn = z + a2z
2 + · · · + anzn ∈ St}. If we

try to apply the above techniques to find St4 we run into some problems. First, St4

is not convex: taking for example q(z) = z + (15/14)z2 + (4/7)z3 + (1/7)z4 ∈ St4,

we find (1/2)[q(z) + (−q(−z))] = z + (4/7)z3 6∈ St, since 4/7 > 1/3. In fact this

convex combination fails univalence for the same reason. (Note that St3 is convex).

Secondly, the defining condition for starlikeness doesn’t seem to easily yield a set of

extreme points. One does have the following “solidity-type” result:

Theorem 7. Let pn(z) = z + a2z
2 + a3z

3 + · · · + anzn ∈ Stn. Then for 0 ≤ c ≤ 1

we have p∗n(z) = z + c2a2z
2 + c3a3z

3 + · · · + cnanzn ∈ Stn.

Proof: This is merely a restatement of the well known fact that f ∈ St is starlike

on any disc centered at the origin of radius r < 1. �

The zero sets of a polynomial in F4 can be used to make some preliminary explo-

rations of St4, which we will pursue in the next several paragraphs in order to get

a feel for the nature of the body, giving conjectures later to be verified by its actual

determination in Section 8. We begin with the following:

Corollary: Let pn = z
∏n−1

k=1(1− z/zk) ∈ St. Then pn(z) = z
∏n−1

k=1(1− z/rzk) ∈
St for 1 ≤ r < ∞. Thus if all the nontrivial zeroes of a starlike polynomial are in-

creased uniformly in magnitude with argument fixed, the polynomial remains star-

like. The corollary can be viewed using the force-field interpretation of starlikeness:

if the point sources are all increased uniformly in distance from the origin while the

arguments are preserved, the force field still has the “exiting property” with respect

to D.

By observing the test function <[eitp′(eit)/p(eit)] for p ∈ ∂St3 one may see that

this function is zero either one or two times, depending on the portion of the

boundary being tested. It is natural to expect that extremality of some sort in

St4 would be exhibited by polynomials for which the corresponding test function

has three zeroes. To construct examples exhibiting this we can alter an existing

polynomial from Section 4 to induce the required number of failure points. Specif-

ically, let p(z) = F4(2, z) = z − z2 + (1/2)z3 − (1/8)z4 with nontrivial zero set

{ρ = 2, reit = 2e±πi/3}.
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Fig. 8. p4(z) = z − 1.085z2 + 0.61344z3 − 0.1662z4

(Before proceeding with the desired alteration we note that if we increase r only,

starlikeness must fail, as the flow-field interpretation guarantees that the critical

point at +1 must move to the interior of D. A specific example can be given by

increasing r to 2.01, giving z − (.9975 . . . )z2 + (.4962 . . . )z3 − (.123 . . . )z4 6∈ St;

interestingly, each coefficient is smaller than the corresponding coefficient in the

original function.)

To achieve the previously stated goal one can fix the arguments of the complex

zeroes but reduce their moduli (all initially |zk| = 2) to induce near failure of mem-

bership in St by maintaining a critical point at +1 and producing near tangential

exiting of the flow field at two conjugate pairs on boundary ∂D. The polyno-

mial p4(z) = z(1 − z/ρ)(1 − z/reit)(1 − z/re−it) with r = 1.77, ρ = 1.92, and

t = π/3 exhibits this near-extreme behavior. One can observe using Maple VI that

<[eitp′4(e
it)/p(eit)] is zero nearly three times. A plot of p4 shows the “eyedropper”

shape of p4(∂D) near p4(+1). One notes the three near-extreme image points (see

Figure 8) corresponding to the critical points near +1 and the two points on ∂D

where d
dt arg(f(eit)) roughly equal to 0. Writing the polynomial in coefficient form

gives z − 1.085z2 + 0.61344z3 − 0.1662z4, displaying the largest a2 and a3 values of

all our examples in St4 so far.

Perhaps one can visualize this greater degree of extremality by finding the relative

locations of these polynomials on St4? It is reasonable to suspect the following:
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taking examples from the F4(r, z) family and repeating the above procedure for

fixed t produces a single polynomial corresponding to that t for which r and ρ can

be minimized, resulting in a test function with three zeroes. The process t → single

“three-zero” test function polynomial suggests a one parameter family, i.e., a curve

in St4 consisting of these extremals, bounded on one side by the plane containing

the family F4(r, z). Since the curve bounds a planar portion of the surface of St4,

it too must be part of the surface. What does the surface of St4 look like on the

other side of this curve?

To answer this we may note that one can move away from the curve in a different

direction holding t fixed at π/3, then choosing a larger value of r, and finally a

larger ρ to correspond to the r choice in order to produce a polynomial with two

zeroes in the test function . One such example is found by taking r = 2.3, ρ = 1.8,

giving p(z) = z + 0.99033z2 + 0.55012z3 + 0.1341z4, another with t = π/3 is found

with r = 2.6, ρ = 1.815. These polynomials have no critical points on ∂D but have

two tangential exits on the flow field and hence two points on the of ∂D at which

d/dt(arg(p(eit))) roughly equal to 0. It is clear that, for values of t near π/3 at least,

a fixed t will generate similar one parameter families of this nature. The fact that

any fixed value of t results in another family of such polynomials, one for each r

and ρ choice, suggests that the process (t, (r, ρ)) → single “two-zero” test function

polynomial produces a two-dimensional manifold on the surface of St4 consisting of

these extremals.

To summarize: we conjecture that the boundary of St4 consists of one plane of

polynomials with critical points at +1, a manifold on which the corresponding poly-

nomials yield exactly two tangential exits for the corresponding flow field, and at

least one planar curve, which is the intersection of these two surfaces. On this curve

the maximal number of near failures (3) of starlikeness occur: a critical point at +1

and the two tangential exits. Symmetry suggests another bounding plane of polyno-

mials with critical points at −1. In the next section we discuss the construction of

St4, see how these suggestions can be verified, and locate the families F, K on the

coefficient body. (This body was considered in [11], the last sentence of which reads

, “Similar arguments [to those used in finding St3] may be used to establish the

coefficient region for quartic polynomials [in St4] with real coefficients.” No details

are given.



26 ALAN GLUCHOFF AND FREDERICK HARTMANN

8. The Coefficient Body, Stn for n = 4

Lemma 1. Let f(x) = x3 + bx2 + cx+ d on U = [−1, 1], then f(x) ≥ 0 on U if and

only if one of the following holds:

(1) in region I ={(b, c) : b ≤ −1, c ≥ −1} ∪ {(b, c) : −1 ≤ b ≤ 3, c + 1 ≥
1
4(b+1)2}∪{(b, c) : b ≥ 3, c ≥ 2b−3}, f(−1) ≥ 0; equivalently d ≥ 1− b+ c.

(2) in region II ={(b, c) : b ≤ −1, c ≤ −1} ∪ {(b, c) : b ≥ −1, c ≤ −2b − 3},
f(+1) ≥ 0; equivalently d ≥ −1 − b − c.

(3) in region III ={(b, c) : −1 ≤ b ≤ 3,−2b − 3 ≤ c ≤ 1
4 (b + 1)2 − 1} ∪ {(b, c) :

b ≥ 3,−2b − 3 ≤ c ≤ 2b − 3}, f(xc) ≥ 0; equivalently d ≥ −b(2b2 − 9c) +

2(b2 − 3c)3/2 ≥ 0 or 27d2 + 4db3 − 18bcd − b2c2 + 4c3 ≥ 0., where xc is the

larger, real critical point of f in U .

Proof: The proof is a careful analysis of the cubic’s behavior on U using basic

calculus. See Figure 9 for the regions I, II, III. (NB: region III is the complement of

Region I ∪ II, except for equality.)

The coefficient body of starlikeness can now be found for p4(z) = z+a2z
2+a3z

3+

a4z
4, ai ∈ R, i = 2, 3, 4. p4 is starlike if and only if (1) <[zp′4(z)/p4(z)]|z=eiθ ≥ 0

and p4(z) has no critical points in D. We first note that p(z) is starlike if and

only if −p(−z) = z − a2z
2 + a3z

3 − a4z
4 is also. Using this fact we find the

coefficent body for a4 > 0. (1) is equivalent to cos3(θ) +
12a2a4 + 8a3

20a4
cos2(θ)

+
3a2 + 7a4a3 − 15a4 + 5a2a3

20a4
cos(θ) +

1 − 6a2a4 − 4a3 + 2a2
2 + 3a2

3 + 4a2
4

20a4
≥ 0. Us-

ing the lemma one can translate the conditions of the bc-plane to the a2a3-plane for

fixed a4 > 0. The conditon f(−1) ≥ 0 translates to L1 : 1 + 2a2 + 3a3 + 4a4 ≥ 0,

a straight line. f(+1) ≥ 0 is equivalent to L2 : −1 + 2a2 − 3a3 + 4a4 ≥ 0, also a

straight line. The condition f(xc) ≥ 0 is quite complicated, being:

φ(a2, a3, a4) = 10800a4
4 − 5400a2a

3
4 + 1728a3

2a
3
4 − 7560a3a2a

3
4 + 3726a3a

2
2a

2
4−

675a2
4 + 135a2

3a
2
4 + 1715a3

3a
2
4 + 2025a3a

2
4 − 864a4

2a
2
4 − 441a2

3a
2
2a

2
4+

135a2
2a

2
4 − 868a3

3a2a4 + 540a3a2a4 + 225a2
3a

3
2a4 + 378a3a

3
2a4−

1656a2a
2
3a4 − 135a4a

3
2 + 36a2

2a
2
3 − 128a3

3 − 100a3
3a

2
2 + 384a4

3 ≥ 0

For values of a4, 0 ≤ a4 ≤ 1
4 , φ = 0 yields a curve in the a2a3-plane which forms

a portion of the boundary of St4. Each cross-section of St4 shown in Figure 10 lies
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above the two lines and below φ = 0, that curve being the upper most of the two

appearing in each cross-section. Given the complicated nature of the curve φ = 0 it

is interesting that the intersections of this curve and the two straight lines together

with the translated regions I, II, III of lemma 1 can be found explicitly. This allows

us to find the maximum |a2| on the coefficent body, [p1(z) = z + (1.108 . . . )z2 +

(0.599 . . . )z3 + (0.1453 . . . )z4] and the maximum |a3|, [p2(z) = z + (1.0803 . . . )z2 +

(0.62138 . . . )z3 + (0.17588 . . . )z4].

A space curve C analogous to the set of extreme points for BT4 given in Theorem

6 can be found for St4 by determining the correct portion of the intersection of L2

and the surface φ = 0. It can be shown that C = C1 ∪ C2 may be parametrized as

follows:

For 1
6 ≤ a ≤ 1

4 ,

C1 =





a2 = f1(a) = −2a +
3(−18a + 72a2

4 + 4
√
−225a2 + 420a3 + 30a)

4(−8 + 27a)
+

1
2
≤ 0

a3 = f2(a) =
−18a + 72a2 + 4

√
−225a2 + 420a3 + 30a

2(−8 + 27a)
≤ 0

a4 = a

and for 1
14 ≤ a ≤ 1

4

C2 =





a2 = g1(a) = −2a +
3(−18a + 72a2

4 − 4
√
−225a2 + 420a3 + 30a)

4(−8 + 27a)
+

1
2
≥ 0

a3 = g2(a) =
−18a + 72a2 − 4

√
−225a2 + 420a3 + 30a

2(−8 + 27a)
≥ 0

a4 = a

Note that the value a = 1
14 for a2, a3 > 0 corresponds to W4. Thus C has end

points at (−1
3 , −1

3 , 1
6) and (1, 3

7 , 1
14 ). The line segments from each of these points

to (1
3 , −1

3 , −1
6) together with C form the boundary of a planar face F of St4. Clearly

F∗ = {(−a2, a3, −a4) : (a2, a3, a4) ∈ F} also bounds St4. (Bt4 has a pair of planar

faces similar to F and F∗.) It is interesting to note that (1, 3
7 , 1

14) is situated at the

transition from a linear segment to C in St4 as is W3 ∈ St3. Finally we note that

the family K(c, z) discussed in Section 6 lies on the line segment meeting C.
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Fig. 9. bc-plane plot

In Figure 11 are shown two views of a physical model of St4, a4 ≥ 0, formed

from twenty-five posterboard cross-sections similar to those of Figure 10. The large

planar face is part of F, and the smaller face is part of F∗. The curved portions

of each cross-section stack together to form the model of the portion of the surface

φ = 0 which bounds the body. The non-convexity of St4, shown by example, is

apparent from the model.

To conclude this section we return to the families Fn(r, z). These families can

be used in a limited way to explore Stn, n ≥ 5. In this range the production of

the families is not as straightforward due to a lack of closed form expressions for

the coefficients. Below are given tables of coefficient 4 and 5-tuples for F4(r, z) and

F5(r, z). The case n = 5 was generated by computer assisted searching; that for

n = 6 by using a quite lengthy closed form expression for the coefficients.
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Fig. 10. Cross-sections of St4
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Top view of the coefficient body for St4

Fig. 11: Front view of the coefficient body for St4
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Table 1. Coefficents for n = 5

r t a2 a3 a4 a5

5(1/4) π/2 0.0 0.0 0.0 1/5

1.50 0.76477 -0.79352 0.03968 -0.03527 0.19753

1.60 0.57316 -0.86508 0.58679 -0.33792 0.15259

1.70 0.50952 -1.07670 0.74306 -0.37256 0.11973

1.80 0.47570 -1.14688 0.77446 -0.35398 0.09526

1.90 0.43632 -1.16550 0.76154 -0.32285 0.07673

2.30 0.40423 -1.10426 0.62173 -0.20874 0.03573

2.36 0.39923 -1.08971 0.60028 -0.19565 0.03224

2.70 0.37007 -1.01983 0.50172 -0.13989 0.01882

3.10 0.33275 -0.95930 0.42124 -0.09982 0.01083

3.50 0.29253 -0.91229 0.36305 -0.07447 0.00666

3.90 0.24805 -0.87439 0.31904 -0.05749 0.00432

4.30 0.19607 -0.84315 0.28469 -0.04560 0.00293

4.70 0.12726 -0.81698 0.25722 -0.03698 0.00205

5.00 0.00000 -0.80000 0.24000 -0.32000 0.00160

Table 2. Coefficents for n = 6

r cos(t) a2 a3 a4 a5 a6

61/5 cos(2π/5) 0.0000 0.0000 0.0000 0.0000 −1/6

1.5 0.5141 -0.7237 0.4961 -0.3307 0.1989 -0.1317

2.0 0.7118 -1.2251 0.8720 -0.4360 0.1531 -0.0313

2.5 0.7602 -1.1327 0.6888 -0.2755 0.0725 -0.0102

3.0 0.8000 -1.0533 0.5618 -0.1873 0.0390 -0.0041

3.5 0.8371 -0.9935 0.4753 -0.1358 0.0232 -0.0019

4.0 0.8724 -0.9473 0.4132 -0.1033 0.0148 -0.0010

4.5 0.9061 -0.9103 0.3666 -0.0815 0.0099 -0.0005

5.0 0.9385 -0.8801 0.3304 -0.0661 0.0070 -0.0003

5.5 0.9698 -0.8548 0.3014 -0.0548 0.0051 -0.0002

6.0 1.0000 -0.8333 0.2778 -0.0463 0.0039 -0.0001
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We observe that the coefficients are allowed to grow with increasing degree of the

polynomials. These entries also provide a reasonable lower bound on max |ak| for a

fixed k, where p(z) = z + a2z
2 + · · · + anzn ∈ St4, St5.

As a final remark we may note that in St4 there are only two possibilities for

precisely two critical points on ∂D : z ± z3/3 ∈ St3, with critical points at ±i,

and polynomials whose coefficient triples lie on the intersection of the two bounding

planes of the body, where the critical points are equal to ±1. As noted in Section

4 [10], Brannan proves that the only starlike polynomials of the form z + a2z
2 +

· · · + zn/n are z ± zn/n, a result which can be interpreted as saying that the only

starlike polynomials with all critical points on ∂D have the critical points distributed

equiangularly. In light of the above analyses of St3 and St4 a reasonable generalizing

conjecture is that a starlike polynomial with any number of critical points on the

boundary must have these points equiangularly distributed. We are unable to prove

this conjecture.

9. A New Class of Univalent Polynomials

For an arbitrary polynomial z + a2z
2 + · · · + anzn let Sk be defined as the set

of streamlines of the corresponding force field emanating from the zero zk, with

z0 = 0; each streamline is the preimage under the polynomial of a ray in the range

emanating from the origin. The physical interpretation of starlikeness given in

Section 5 implies that for a starlike polynomial z + a2z
2 + · · · + anzn we have D

contained in S0. In this case we also have that each such streamline exits the unit

disc and never re-enters. However, at the end of Section 5 we constructed a spirallike

polynomial some of whose streamlines exited, re-entered and then exited one last

time. It might appear that for this example the streamlines cover D. In light of

the foregoing one might wish to conclude that every univalent polynomial has the

property that D is contained in S0, but this is in fact not true. In [54] Suffridge

constructs an important class of extremal polynomials, one class for each n, such

that any z + a2z
2 + · · · + (1/n)zn univalent with real coefficients can be expressed

as a convex combination of members of the class. One such member for n = 3 is

p3(z) = z + 2
√

2
3 z2 + 1

3z3; and one can see from Figure 12 that there are streamlines

based at the zero z1 = −
√

2+i that cut D. Thus the set of univalent polynomials for

which S0 covers D form a subclass of the entire collection, a class which appears not

to have been noted in the literature. Before stating a formal definition of this class,

we state some relevant facts about streamlines of polynomials in general. We may
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note in passing that these curves and their properties seem not to have received the

attention that their orthogonal family, the level curves, have received; for example,

[24] has a treatment of some interesting geometric questions on level curves. We

begin by quoting from [63], p. 20, “The loci

(3) arg[p(z)] = const

likewise form a family covering the plane; through each point other than a point aj

[a zero of a polynomial p(z) of degree n] passes a (geometrically) unique locus (3). In

the neighborhood of aj, the locus (3) consists of m analytic Jordan arcs terminating

in aj, where m is the multiplicity of aj as a zero of p(z); in the neighborhood of

the point at infinity the locus (3) consists of n analytic Jordan arcs terminating at

infinity. Only a finite number of the (3) have multiple points other than points at aj

or the point at infinity, namely those loci passing through the zeros of p′(z). Except

for those loci, which are not more than n − 1 in number, each locus (3) consists of

n analytic Jordan arcs, mutually disjoint except for the point at infinity and except

for multiple points aj , each arc extending from a point aj to the point at infinity.

Each exceptional locus also consists of n Jordan arcs each extending from a point aj

to the point at infinity; each of these n arcs is analytic except perhaps in the zeroes

of p′(z) different from the aj , and the interiors of the arcs are mutually disjoint

except for such points; at an m-fold zero of p′(z) not an aj, precisely m + 1 arcs of

(2) cross, and successive tangents to them make angles of π/(m+1).” The behavior

of these curves is also detailed in [25], which spends several pages in analyzing such

families.

To these observations we add the following: let us call basin Bk emanating from

the zero zk the set of all streamlines originating at zk except those which pass through

a critical point of the polynomial; in this case we include only the portion from the

zero to the critical point, not including the critical point. Each Bk is thus an open set

containing only one zero zk and being mapped by the polynomial one-one onto the

plane minus some slits oriented in the direction of a ray from the origin to the branch

points. Let c1, c2, . . . , cn−1 be the critical points of p(z), and Ck, k = 1 . . . n−1, be

the collections of n arcs of the form arg[p(z)] = arg[p(ck)], arg[p(ck)] +π. Then the

boundary of each basin Bk consists of some, but not necessarily all, of the members

of some, but not necessarily all, of the Ck. In some cases a given Ck may contribute

no portion of the boundary of a given basin, and in some cases only a portion of
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one curve in a given Ck may be used to form a part of the boundary. The simple

example p(z) = z − (1/2)z2 shows that the boundary may consist of a member of a

Ck, which does not pass through a zero of the polynomial (there is in fact only one

boundary curve here, namely <(z) = 1.)

To make these remarks concrete and also to demonstrate the complexity of these

curves we give two examples. The first is p(z) = z + (1/3)z3, an extremal starlike

polynomial. In Figure 13 are shown the boundaries of the basins B0, B1,and B2;

these curves are the hyperbola generated by C1 and C2, corresponding to the critical

points at c1 = i
√

3, c2 = −i
√

3, omitting the imaginary axis, which is common to

both C1 and C2. B0 is the domain between the two branches of the hyperbola, while

B1 and B2 are the two components of the complement of B0. Clearly D ⊂ B with

critical points at ±i. We next show the Ck for a quartic polynomial with zeroes at

z0 = 0, z1 = 1.7 + 1.8i, z2 = 1 − 2i, and z3 = 2.5. Shown in Figure 14 are the

Ck, k = 1 . . . 3, and their superposition to form the boundary of B0. The zeroes are

marked in boxes, and the critical points as circles. Note that C3 is not used as part

of the basin boundary.

In this example C3 illustrates a sort of mean value theorem pointed out by Hibbert

in [25] in connection with streamlines in general: if a streamline connects one zero

of a polynomial to another, then along this line must lie a critical point of the

polynomial. Hibbert gives a short analytic proof of this, but we may note that it
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follows immediately from the fact that this curves are the lines of force for the field

with sources at the zeroes of the polynomial.Hibbert constructs examples of simpler

polynomials than this which illustrate various “cells of univalence”, among which

are the basins similar to those we have considered.

We now give the following:

Definition 2. Let p(z) = z + a2z
2 + · · ·+ anzn, and S0 as above. Then we say that

p ∈ Dn if D ⊂ S0.

Dn obviously contains Stn, but not all univalent polynomials of degree n. One

may therefore think of it as a generalization of starlikeness for polynomials. We give

several examples of functions in this class.

Example 1: P (z) = z +(64/75)z2 +(6/25)z3. In this simple cubic we see (Figure

15) that the right branch of a hyperbola together with the real axis left of the

intersection of the branch with the real axis form the boundaries for the Bk; it is

easily shown that the hyperbola does not intersect D, thus P ∈ D3. It is also easily

shown that P 6∈ St3.

Example 2: P (z) = z + (7/6)z2 + (4/6)z3 + (1/6)z4. In this quartic we have

(Figure 16) that the two branches of a hyperbola together with the line <(z) = −1

between the nonreal critical points form the boundaries for the Bk; it can be shown

that the hyperbola intersects D at the three points indicated only. We have that

D ⊂ B0 and thus P ∈ D4. It can also be shown that P 6∈ St4. The real axis, though
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Fig. 15. P (z) = z + (64/75)z2 + (6/25)z3
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Fig. 16. P (z) = z + (7/6)z2 + (4/6)z3 + (1/6)z4

part of a Ck, is not part of the boundary of the Bk. Compare this to [54] where

Q4(z) = z + 3
8(1 +

√
5)z2 + 1

4 (1 +
√

5)z3 + 1
4z4 is extremal univalent but Q4 6∈ D4.

Example 3: Pn(z) =
(z + csc(π/n))n − (csc(π/n))n

n(csc(π/n))n−1
, n ≥ 3. This polynomial has

zeroes at zk = − csc(π/n) + (csc(π/n))e(i(π/n+2πk/n)), k = 1 . . . n, and a critical

point of multiplicity n − 1 at − csc(π/n). The collection C consists of the 2n lines

re(π/n+πk/n), −∞ < r < ∞, n = 0 . . . 2n − 1. We have D ⊂ B0 = {z : | arg(z +

csc(π/n))| < π/n}; the rays − csc(π/n)+re(i±π/n), −∞ < r < ∞ form the boundary

of B0. Thus Pn ∈ Dn. A portion of the image of ∂D under P3(z) = z + (
√

3/2)z2 +

z3/4 is shown in Figure 17; note the loop around − cscn(π/n) tangential to the

real axis where univalence nearly fails globally. Clearly Pn 6∈ Stn. With trivial

modifications this polynomial was considered by Alexander in his attempt to find

the smallest circle outside of which the critical points of a polynomial may lie in

order to assure its univalence. The radius is csc(π/n); see [22] for details of the quest

to prove this fact. Robertson [45] also did a similar analysis of this polynomial,
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Fig. 18. P (z) = z + (7/8)z2 + (7/24)z3

and related polynomials make up the “test-functions” for the classes of univalent

polynomials considered by Kasten [29]. Kasten proved for a wide variety of such

classes that if the test polynomial is in the class, so is any polynomial with critical

points further away from the origin than the test function.

Example 4: P (z) = z + (7/8)z2 + (7/24)z3. This cubic is more typical of the

class D3 in that the curves C form a rather more complicated collection, a cubic

hyperbola in this case. Figure 18 shows the collection C resulting from the critical

point c = −1 − i
√

7/7. It can be verified that this collection only intersects ∂D at

one point, along the curve through the origin. This C together with its conjugate

collection give rise to the Bk as shown in Figure 18; clearly P ∈ D3. The boundaries

of the Bk consist of the curves which do not pass through any zero of P . One also

has that P 6∈ St3.

We may compare membership in Dn with membership in other classes, such

as the spirallike class discussed in Sections 2 and 5. The polynomial in SP (π/8)
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constructed at the end of Section 5 can be shown to belong to D3 by finding the

boundaries of the basins Bk and computationally verifying that they have no in-

tersection with the unit circle. However, a slight modification of this example to

z(1 − z/z1)(1 − z/z2) with z1 = 1.795, and z2 remaining the same produces an ex-

ample of a polynomial in SP (0.3) but not in D3; the method of verification is the

same.

It is perhaps more interesting to compare D with the class of close-to-convex

functions mentioned earlier. Alexander had essentially introduced this class, but it

wasn’t until Kaplan’s 1952 paper [27] that the class was thoroughly and properly

investigated. One calls an f∈A close-to-convex if there exists a g ∈ A convex

univalent such that <[f ′(z)/g′(z)] > 0 for z ∈ D. Let us denote the class CC, and

the set of normalized polynomials of degree n in CC with real coefficients CCn. It

can be shown that this is essentially equivalent to the image of circles centered at the

origin being mapped by f to regions whose boundaries have a tangent vector never

decreasing by more than π as the traversal occurs in the counterclockwise direction;

see [16] for details. The definition attempts to prevent multivalence by disallowing

global overlapping the image; we will see later that the polynomials in D have

another property which similarly restricts this covering. It follows from the “reverse

hairpin” condition that Pn defined by Example 3 above is in Dn but not CCn. On

the other hand, Alexander showed that Qn(z) = z+z2/2+z3/3+ · · ·+zn/n ∈ CCn,

and it is easily shown in the usual manner that Q3(z) 6∈ D3. Thus the two classes

overlap, sharing Stn for each n, but neither contains the other.

In an attempt to get a more exact idea of how the classes compare, we can

construct the coefficient bodies for each for p(z) = z + a2z
2 + a3z

3, where a2, a3

are real. We do this in a computational manner for D3: begin by noting that

z + (1/3)z3 ∈ D3; its basins were displayed in Figure 13. An “umbrella” manifold

bounding the body from above extending from (0, 1/3) to (±
√

3/2, 1/4) is computed

as follows: the branch points for p3 are calculated in general form in terms of a2, a3,

then the collections C are computed (they are conjugate collections). Denote by

C1 the collection which passes through the critical point of p in the upper half

plane. We wish to track the C1 as it moves from that shown in Figure 13 to an

orientation like that in Figure 18, but with tangential touching of the unit circle,

and ending at the multiple line configuration of Example 3: this is (+
√

3/2, 1/4).

The other half of the umbrella follows from symmetry. To accomplish the tracking
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we substitute y =
√

1 − x2 into the formula for C1 and ask for the zeroes of this

algebraic expression on the interval [−1, 0]. This in turn is solved by separation

and squaring to achieve a sixth degree polynomial P6 = A(a2 +(3a3−1)x−2a2x
2−

4a3x
3)2−(1−x2)((1−a3)+2a2x+4a3x

2)2, where A = (3a3−a2
2)

3/(a2
2(4.5a3−a2

2)
2); it

is this polynomial which determines the boundary. We start with (a2, 1/4), for fixed

a2, and run the Sturm algorithm on the corresponding polynomial. The polynomials

for which this algorithm produces 2 real zeroes for P6 are marked as belonging to

D3, this corresponds to C1 crossing only at two points of the unit circle. The curves

in Figure 18 are of this form. The a3 value is then increased until the C1 intersects

the unit circle 4 times. A point on the umbrella boundary of the body thus occurs

when the Sturm algorithm produces 4 real zeroes. This procedure is repeated for as

many a2 values as will produce points. This defines the capping umbrella.

The next manifold bounding the body is the portion of the ellipse bounding the

entire univalent body for degree three univalents, namely a2 = ±2
√

a3(1 − a3),

where 1/5 < a3 < 1/4. Along this curve and its reflection across the imaginary

axis C is a hyperbola similar to that in Figure 15 tangent to the unit circle at two

points only, together with the real axis. In the limiting position at (4/5, 1/5) the

hyperbola touches the unit circle at (−1 , 0). The final manifolds are the lines which

bound the starlike body. The entire body is displayed in Figure 19, together with

the coefficient body for the cubic univalents with real coefficients (S3), St3, and

CC3, whose generation we now discuss.

The capping curve for CC3 can be computed as detailed in [30], namely, we fix

1/5 < a3 < 1/3, then a2 = max[a(t)] for 0 ≤ t ≤ π/4, where a(t) = (− cos(t) −
3a2 cos(3t))/2 cos(2t). We have a2 < 0 under these conditions, so the cap is given by

the curve from (−4/5, 1/5) to (−
√

2/2, 1/3) and its reflection across the imaginary

axis, and the line segment from (−
√

2/2, 1/3) to (
√

2/2, 1/3). The rest of the body

is bounded once again by the lines bordering St3.

Using the ideas of close-to-convexity and the class D3 we thus can describe with

precise geometric properties a large portion of the entire collection of univalent

polynomials of degree 3. Note that D3 follows the univalent body for a larger portion

of its boundary than CC3, resulting in a larger max |a2|, but that CC3 contains

many polynomials with a3 = 1/3, whereas D3 has only z + (1/3)z3. Recalling that

Brannan [10] proved that the only polynomials in Stn for which |an| = 1/n are

p(z) = z ± (1/n)zn; it would be interesting to know if the same were true of Dn.
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Fig. 19. First quadrant: coefficient bodies St3, D3, CC3, S3

We also remark that although the zeroes of a polynomial determine its flow field

and thus the curves Ck, it seems quite difficult to use this fact to prove general

theorems relating the distributions of the zeroes to membership in D. On the other

hand many examples of polynomials in Dn can be computationally generated by

plotting Cn families as in Figure 14.

Sufficient conditions for univalence of an f are usually stated in terms of the

image of D under f , not in terms of the pre-image. We explore this possibility now,

and in doing so point out a similarity between D the class CC. We first need a

definition.

Definition 3. Suppose f is analytic on {z : |z| ≤ 1} . Let w ∈ C, w 6= 0, and let

Lw be the line through the origin and w. Suppose f(|z| = 1) intersects Lw in only

two points. Then we say that f is starlike in the direction of w.

This definition was introduced by Robertson in [44]. Clearly these functions need

not be univalent. However, there is a relation between univalence of a polynomial

and starlikeness in the direction of its branch points. One might anticipate that a

polynomial p in D sends any Ck collection to a line through the origin and p(ck);

and since D lies in B0, the arc of Ck emanating from the origin will not re-enter D

after it passes through ck (though it may re-enter at a point prior to this). Thus

such a polynomial stands a chance at being starlike in the direction of each branch

point. This is in fact the case for Example 4, as can be seen by looking at Figure
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Fig. 20. P (z) = z + (7/8)z2 + (7/24)z3

20. In this case the condition of starlikeness in the direction of branch points is a

way of preventing the curling of the p(∂D) over itself by controlling the twisting of

the image around a branch point. In this respect the condition is similar to that of

CC.

We have not been able to prove that an element of D must be starlike in the

direction of all its branch points, nor have we been able to produce a counterexample,

though the latter appears the more likely possibility. In the other direction we can

show the following.

Theorem 8. Suppose p(z) = z + a2z
2 + a3z

3, where a2, a3 are real, and p′(z) 6= 0

on D. If p is starlike in the direction of both branch points of p, then p ∈ D3.

Proof: We make the simplifying assumption that the zeroes and critical points have

nonzero imaginary components; separate arguments work for all other cases. First,

let p have zeroes 0, z1, z2, and critical points c1 and c2, then z1 = z2 and c1 = c2,

assume without loss of generality that =(z1) = =(c1) > 0. Note that by Lucas’

theorem c1, c2 lie inside the triangle formed by 0, z1 and z2. Now let s1 be the

line segment from 0 to p(c1), and let Ak = p−1(s1), k = 0 . . . 2. The Ak are then

arcs from zk to some preimage of p(c1), at least one of which is c1 itself But in fact

exactly two must terminate at c1, otherwise the preimage of a neighborhood of p(c1)

would have four components. Furthermore, one of the arcs terminating at c1 must

be A0, since if A1 and A2 both terminated at c1, then A2 and A2 conjugate will
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cross, an impossibility since their images share only the origin. For the same reason

we must have that A1 terminates at c1.

Let s2 be the ray along Lp(c1) from p(c1) to infinity, then let A0 and A1 be the

arcs which are preimages of s2 emanating from c1. It follows that Ak ⊥ Ak, k =

0, 1, A1 ⊥ A0, A0 ⊥ A1. We have that p(c1) 6∈ p(D), and s2 ∩ p(D) = ∅. Thus

neither A0 nor A1 intersects D. We also have that A1,A2, A1 and A2 share only the

point c1 (open mapping theorem), A1 and A2 do not cross the real axis, and A1 and

A2 meet at the point at infinity. Thus z1 and D lie on opposite sides of A0 ∪ A1,

hence B0 ∩ B1 = ∅. The same argument shows B0 ∩ B2 = ∅. Thus p ∈ D3. �
It is likely that this theorem can be generalized, but the complexity of the geom-

etry appears to make it a difficult proposition. We conclude this section by noting

that Robertson pointed out in [44] that the class of analytic functions starlike in the

direction of the real axis is related to the class of functions “convex in the vertical

direction”, that is, the collection of univalent f element of A such that f(D) con-

tains any vertical segment whose endpoints are in f(D). The connection is given by

the Alexander transform: f is convex in the vertical direction if and only if zf ′(z) is

starlike in the direction of the real axis. Using this theorem one can use our exam-

ples to construct univalent polynomials convex in various directions. For instance,

beginning again with p(z) = z +(7/8)z2 +(7/25)z3 which is starlike in the direction

of its branch points we can produce q(z) = z + (7/16)z2 + (7/75)z3 which is not

convex, but is convex in the direction of each arg(branch point) + π/2.

As a final remark for this section we note that the class of functions vertically

convex with real coefficients (denoted V CR, and introduced by Fejér in 1933 [18]) is

related to the class of typically real functions (denoted TR) by the same Alexander

transform: f ∈ V CR if and only if zf ′(z) ∈ TR. Typically real functions F satisfy

=(F (z))=(z) > 0 for z ∈ D; they were introduced by Rogosinski in 1932 [46]. The

connection between the classes was noted by Roberston in 1936 [43]. Thus the

coefficient bodies for V CR in dimension 2 and 3 can be obtained from those of TR

found in [56]; they are similar in shape to those of St3 and St4 from the previous

section.

10. Zero Sets of the De La Vallée-Poussin Means

In this last section we reverse the perspective of the previous work: in the ear-

lier sections we demonstrated how the location of the zeroes of a polynomial can

influence its starlikeness, spirallikeness, and membership in other univalent classes.
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We now make an observation about the location of the zeroes of the sequence of

de la Vallée-Poussin means mentioned in Sections 5 and 6. We first give a little

background material.

Given a power series
∑∞

k=1 akz
k with radius of convergence 1, two natural ques-

tions arise:

(1) What is the behavior of the zero sets of the partial sums of the series?

(2) If the original series is univalent, must the partial sums be univalent?

For the first question there is the classical theorem of Jentzsch [61], which states

that every point of the circle of convergence is a limit point of the zeroes of the

partial sums. The simplest example of this phenomena is the convex mapping

f(z) = z/(1 − z), whose partial sums z + z2 + z3 + · · · + zn have zeroes at the

origin and equally distributed around the unit circle. For the second question, a

theorem of Szegö from 1928 [59] states that the partial sums must be univalent on

{z : |z| < 1/4}.
For both of these questions we may ask what happens if we replace the partial

sums of the series with other, better behaved approximants; in this regard the Cesàro

means can be considered. This was done early on for (2); in a 1937 paper Egervary

[17] proved univalence and various starlike and convexity conditions for s(n, a) =(
n+a−1

n−1

)−1∑n
k=1

(
n+a−k

n−k

)
zk, for different values of a. The paper [21] contains a brief

history of further developments of this topic. Interest in the univalence of these

means continues to the present: [50] is a recent example. On the other hand it

seems that it was not until relatively recently that (2) was addressed. Barnard,

Pearce, and Wheeler [3] proved several results about the distributions of the zero

sets of the first Cesàro means of outer functions, among other classes; one of their

earlier results states, for example, that if f is a bounded convex function, then the

Cesàro sums of the outer function f ′ are nonvanishing on D.

The de la Vallée Poussin means of a convex univalent function were proved by

Pólya and Schoenberg to be convex [37], a suitable modification of the means (called

Wn in earlier sections) preserves starlikeness of the partial sums of a starlike map-

ping. We have not found a treatment of the behavior of the zero sets for Wn in the

existing literature. To this end we computed and graphed the sets using MAPLE

VI.

The results show an accumulation of the zero sets to a curve, possibly a circle,

centered in the left half plane, but truncated along the imaginary axis; see Figure
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Fig. 21. Zero points of W50

21. The Hurwitz criteria for verifying that the zeroes of a polynomial lie in the

left half plane [35] was successful for all Wn tested. Unfortunately we are not able

to shed any further light on this situation, other than to comment that a similar

recent example occurs in [36], wherein a more complicated sequence of polynomials

is shown to have its zeroes accumulating on an elliptically-shaped arc in the left half

plane. We conclude this paper with the open question: what is the explanation for

the clustering behavior demonstrated by these partial sums?
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[4] Başgöze, T., On the radius of univalence of a polynomial, Math. Z. 105(1968) 299-300.
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